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1. Introduction 


Neutrosophy, the study of neutralities, is a new branch of Philosophy initiated by Smaran- 
dache in 1995. It has many applications in almost every field. Many algebraists worked on the 
connection between neutrosophy and algebraic structures. Fore more details, we refer to [1-3]. 
Unlike the idealistic or abstract algebraic structures, from pure mathematics, constructed on 
a given perfect space (set), where the axioms (laws, rules, theorems, results etc.) are totally 
(100%) true for all spaces elements, our world and reality consist of approximations, imper- 
fections, vagueness, and partialities. Starting from the latter idea, Smarandache introduced 
NeutroAlgebra. In 2019 and 2020, he [11-13] generalized the classical Algebraic Structures to 
NeutroAlgebraic Structures (or NeutroAlgebras) whose operations and axioms are partially 
true, partially indeterminate, and partially false as extensions of Partial Algebra, and to An- 
tiAlgebraic Structures (or AntiAlgebras) whose operations and axioms are totally false. And 


in general, he extended any classical Structure, in no matter what field of knowledge, to a 
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NeutroStructure and an AntiStructure. A Partial Algebra is an algebra that has at least one 
Partial Operation, and all its Axioms are classical. Through a theorem, Smarandache [11] 
proved that a NeutroAlgebra is a generalization of Partial Algebra and gave some examples 
of NeutroAlgebras that are not Partial Algebras. Many researchers worked on special types 
of NeutroAlgebras and AntiAlgebras by applying them to different types of algebraic struc- 
tures such as groups, rings, BE-Algebras, BC’ K-Algebras, etc. For more details, we refer 
to [4-6,9, 10, 14, 15]. 

Inspired by NeutroAlgebra and ordered Algebra, our paper introduces and studies Neu- 
troOrderedAlgebra. And it is constructed as follows: After an Introduction, in Section 2, 
we introduce NeutroOrderedAlgebra and some related terms such as NeutroOrderedSubAl- 
gebra and NeutroOrderedHomomorphism. And in Section 3, we apply the concept of Neu- 
troOrderedAlgebra to semigroups and study NeutroOrderedSemigroups by presenting several 


examples and studying some of their interesting properties. 


2. NeutroOrderedAlgebra 


In this section, we combine the notions of ordered algebraic structures and NeutroAlgebra 
to introduce NeutroOrderedAlgebra. Some new definitions related to the new concept are 


presented. For details about ordered algebraic structures, we refer to [7,8]. 


Definition 2.1. [11] A non-empty set A endowed with n operations “x;” for i =1,...,n, is 
called NeutroAlgebra if it has at least one NeutroOperation or at least one NeutroAxiom with 


no AntiOperations nor AntiAxioms. 


Definition 2.2. [8] Let A be an Algebra with n operations “x;” and “<” be a partial order 
(reflexive, anti-symmetric, and transitive) on A. Then (A, *1,...,*n, <<) is an Ordered Algebra 
if the following conditions hold. 

Ifa<yeAthenz%¢x4< zx yandrxu,z<yx z for alli=1,...,.nandzeA. 


Definition 2.3. Let A be a NeutroAlgebra with n (Neutro) operations “x;” and “<” be a 
partial order (reflexive, anti-symmetric, and transitive) on A. Then (A,+*1,...,%n,<) is a 


NeutroOrderedAlgebra if the following conditions hold. 


(1) There exist x < y € A with « # y such that zx; 2 < zx, y and xx; z < yx; z for all 
z€Aandi=1,...,n. (This condition is called degree of truth, “T” .) 

(2) There exist « < y € Aand z € A such that z4; 0 £ zx; y or x z Ly *; z for some 
i =1,...,n. (This condition is called degree of falsity, “F” .) 

(3) There exist x < y € A and z € A such that z*; x or z*; y or © *; Z Or y xj Z are 
indeterminate, or the relation between z «x; x and z x; y, or the relation between x «; z 
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and y *; z are indeterminate for some i = 1,...,n. (This condition is called degree of 


indeterminacy, “I” .) 


Where (T, J, F’) is different from (1,0,0) that represents the classical Ordered Algebra as well 
from (0,0, 1) that represents the AntiOrderedAlgebra. 


Definition 2.4. Let (A,*1,...,*n, <<) be a NeutroOrderedAlgebra. If “<” is a total order on 
A then A is called NeutroTotalOrderedAlgebra. 


Definition 2.5. Let (A,*1,...,*n, <4) be a NeutroOrderedAlgebra and 0 4 S C A. Then S$ 
is a NeutroOrderedSubAlgebra of A if (S,*1,...,;*n, <A) is a NeutroOrderedAlgebra and there 
exists z € S with (r] ={ye A:y<az} CS. 


Remark 2.6. A NeutroOrderedAlgebra has at least one NeutroOrderedSubAlgebra which is 
itself. 


Definition 2.7. Let (A,*1,...,*n, <a) and (B,@1,...,®n,<p) be NeutroOrderedAlgebras 
and @¢: A B bea function. Then 


(1) ¢ is called NeutroOrderedHomomorphism if there exist x,y € A such that for all 7 = 
1,...,n, O(a *; y) = o(x) ®; o(y), and there exist a <4 b € A with a ¥ b such that 
b(a) <B (0). 

(2) ¢ is called NeutroOrderedIsomomorphism if ¢ is a bijective NeutroOrderedHomomor- 
phism. In this case, we write A &; B. 

(3) @ is called NeutroOrderedStrongHomomorphism if for all x,y € A and for all i = 
1,...,n, we have o(a*;y) = o(x) ®; ¢(y) and a <4 b € A is equivalent to ¢(a) <p $(b) 
for alla,be A. 

(4) @ is called NeutroOrderedStronglsomomorphism if @ is a bijective NeutroOrdered- 


StrongHomomorphism. In this case, we write A 9; B. 


Example 2.8. Let (A,*1,...,%*n, <4) be a NeutroOrderedAlgebra, B a NeutroOrderedSub- 
Algebra of A, and ¢: B — A be the inclusion map (¢(2) = x for all e € B). Then ¢ isa 


NeutroOrderedStrongHomomorphism. 


Example 2.9. Let (A,*1,...,%*n, <4) be a NeutroOrderedAlgebra and ¢: A — A be the 
identity map (¢(x) = x for all x € A). Then ¢ is a NeutroOrderedStronglsomomorphism. 


Remark 2.10. Every NeutroOrderedStrongHomomorphism (NeutroOrderedStronglsomor- 


phism) is a NeutroOrderedHomomorphism (NeutroOrderedIsomorphism). 


Theorem 2.11. The relation “gs,” is an equivalence relation on the set of NeutroOrderedAIl- 
gebras. 
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Tow) ” 


Proof. By taking the identity map and using Example 2.9, we can easily prove that “Sg; 

is a reflexive relation. Let A &s; B. Then there exist a NeutroOrderedStrongIsomorphism 
& : (A,*1,-.-5%ns <A) 3 (B,@1,...,@n,<B). We prove that ¢7! : B > A is a Neutro- 
OrderedStronglsomorphism. For all b1,b2 € B, there exist aj,a2 € A with ¢(a,) = b; and 


(a2) = bg. For alli = 1,...,n, we have: 


@ *(b1 ®i b2) = & *(b(a1) ®i O(a2)) = oO *(b(a1 *i a2) = a1 i a2 = 6 '(b1) #1 O (2). 


Moreover, having a; <,4 a2 € A equivalent to ¢(a1) <p ¢(az2) € B and ¢ an onto function 
implies that b} = ¢(a1) <p ¢(a2) = be € B is equivalent to ay = @7!(b1) <4 ag = b 1 (bg) € A. 
Thus, B &s; A and hence, ““&g;” is a symmetric relation. Let A &s; B and B Ss; C. Then 
there exist NeutroOrderedStronglsomorphisms ¢: A > B and wy: B > C. One can easily see 
that Wod: AC is a NeutroOrderedStronglsomorphism. Thus, A &s; C' and hence, ““g7” 


is a transitive relation. 


Remark 2.12. The relation “&;” is a reflexive and symmetric relation on the set of Neutro- 


OrderedAlgebras. But it may fail to be a transitive relation. 


3. NeutroOrderedSemigroup 


In this section, we use the defined notion of NeutroOrderedAlgebra in Section 2 and apply 
it to semigroups. As a result, we define NeutroOrderedSemigroup and other related concepts. 
Moreover, we present some examples of finite as well as infinite NeutroOrderedSemigroups. 
Finally, we study some properties of NeutroOrderedSubSemigroups, NeutroOrderedIdeals, and 
NeutroOrderedFilters. 


Definition 3.1. [8] Let (S,-) be a semigroup (“.” is an associative and a binary closed 
operation) and “<” a partial order on S. Then (S,-,<) is an ordered semigroup if for every 


e<yeS,z-xax<z-yandaz-z<y-zforallzesSs. 


Definition 3.2. [8] Let (S,-,<) be an ordered semigroup and @ 4 M C S. Then 


(1) M is an ordered subsemigroup of S if (M,-,<) is an ordered semigroup and (a2] C M@ 
forallae M. ie, ify<athenye M. 

(2) M is an ordered left ideal of S if M is an ordered subsemigroup of S and for all z € M, 
r € S, we have rr € M. 

(3) M is an ordered right ideal of S if M is an ordered subsemigroup of S and for all 
xe M,reéS, we have zre M. 

(4) M is an ordered ideal of S if M is both: an ordered left ideal of S and an ordered right 
ideal of S. 
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(5) M is an ordered filter of S if (M,-) is a semigroup and for all z,y € S with z-ye M, 
we have z,y € M and [y) C M forallye€ M. ie, ifye M withy<azthenze M. 


Definition 3.3. Let (S,-) be a NeutroSemigroup and “<” be a partial order (reflexive, anti- 
symmetric, and transitive) on S. Then (S,-,<) is a NeutroOrderedSemigroup if the following 


conditions hold. 


(1) There exist x << y€ S with x Ay such that z-e7<z-yanda-z<y-zforallzeS. 
(This condition is called degree of truth, “T”.) 

(2) There exist << y € S and z€ S such that z-4 £z-yora-zy-z. (This condition 
is called degree of falsity, “F” .) 

(3) There exist x < y € S and z € S such that z-2 or z-y or x-z or y-z are indeterminate, 
or the relation between z- 2x and z- y, or the relation between x«- z and y- z are 


indeterminate. (This condition is called degree of indeterminacy, “J”.) 


Where (T,/, F’) is different from (1,0,0) that represents the classical Ordered Semigroup, and 
from (0,0, 1) that represents the AntiOrderedSemigroup. 


Definition 3.4. Let (S,-,<) be a NeutroOrderedSemigroup . If “<” is a total order on A 
then A is called NeutroTotalOrderedSemigroup. 


Definition 3.5. Let (S,-,<) be a NeutroOrderedSemigroup and @ 4 MC S. Then 
(1) M is a NeutroOrderedSubSemigroup of S if (M,-,<) is a NeutroOrderedSemigroup and 


there exist z € M with (s] ={yeS:y<a} CM. 

(2) M is a NeutroOrderedLeftIdeal of S if M is a NeutroOrderedSubSemigroup of S and 
there exists x € M such that r-x € M for allre S. 

(3) M is a NeutroOrderedRightIdeal of S if M is a NeutroOrderedSubSemigroup of S and 
there exists x € M such that x-r € M for allre S 

(4) M is a NeutroOrderedldeal of S if M is a NeutroOrderedSubSemigroup of S and there 
exists x € M such that r-x% € M andaw-reéeM forallreS. 

(5) M is a NeutroOrderedFilter of S if (M,-,<) is a NeutroOrderedSemigroup and there 
exists x € S such that for all y,z € S with x-y € M and z-x2 € M, we have y,z © M 


and there exists y€ M [y)={reES:y<a}CM. 


Proposition 3.6. Let (S,-,<) be a NeutroOrderedSemigroup and) #4 M C S. Then the 


following statements are true. 


(1) If S contains a minimum element (i.e. there exists m € S such that m < «x for 
allx € S.) and M is a NeutroOrderedSubSemigroup (or NeutroOrderedRightIdeal or 
NeutroOrderedLeftIdeal or NeutroOrderedIdeal) of S then the minimum element is in 
M. 
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(2) If If S contains a maximum element (i.e. there exists n € S such that x« <n for all 
x €S.) and M is a NeutroOrderedFilter of S then M contains the maximum element 


of S. 


Proof. The proof is straightforward. 


Remark 3.7. Let (S,-,<) be a NeutroOrderedSemigroup. Then every NeutroOrderedIdeal 
of S' is NeutroOrderedLeftIdeal of S and a NeutroOrderedRightIdeal of S. But the converse 
may not hold. (See Example 3.16.) 


Definition 3.8. Let (A,x,<,) and (B,®,<g) be NeutroOrderedSemigroups and ¢: A > B 


be a function. Then 


(1) ¢ is called NeutroOrderedHomomorphism if ¢(x * y) = $(x) ® o(y) for some z,y € A 
and there exist a<4 b€ A with a 4b such that $(a) <p (0). 

(2) ¢ is called NeutroOrderedIsomomorphism if ¢ is a bijective NeutroOrderedHomomor- 
phism. 

(3) dis called NeutroOrderedStrongHomomorphism if ¢(axy) = (2) @¢(y) for alla,yE A 
and a <4 b € A is equivalent to ¢(a) <p o(b) € B. 

(4) ¢ is called NeutroOrderedStronglsomomorphism if @ is a bijective NeutroOrdered- 


StrongHomomorphism. 


Example 3.9. Let S; = {s,a,m} and (S,-1) be defined by the following table. 


‘1 s a m 
s s m Ss 
a m a m 
m m m m 


Since s -1 (s-1 8s) = s = (8-1 8)-4s and 8-1 (ay4~m)=s 4m = (s-1a)-1™, it follows that 
(S1,-1) is a NeutroSemigroup. 


By defining the total order 


<1= {(m,m), (m, 8), (m, a); (8,8); (8,4), (a, @)} 


on Sj, we get that ($1,-1, <1) is a NeutroTotalOrderedSemigroup. This is easily seen as: 
m <; 8s implies that m-; x2 <j s-; a2 and x-1m <,; x-;s for all x € Sy. And having s <, a but 


sj s='s £1 m= a>) S. 
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Example 3.10. Let S2 = {0,1,2,3} and (S2,-2) be defined by the following table. 


2) 0 1 2 3 
0 0 0 0 3 
1 0 1 1 3 
2 0 3 2 2 
3 3 3 3 3 


Since 0-2 (0 a) 0) =0:= (0 9 0) -20 and 1-2 (2 o>) 3) =| x 3= (1 9 2) -2 3, it follows that (So, -2) 
is a NeutroSemigroup. 


By defining the total order 
<2= {(0, 0), (0,1), (0,2), (0,3), (1, 1), (1,2), (1, 3), (2, 2), (2,3), (3, 3)} 


on S2, we get that (S2,-2,<2) is a NeutroTotalOrderedSemigroup. This is easily seen as: 
0 <2 3 implies that 0-2 x <q 3-9” and 4-20 <9 4-238 for all x € Sy. And having 1 <p» 2 but 
2-91 =3 £92 =2-02. 


We present examples on NeutroOrderedSemigroups that are not NeutroTotalOrderedSemi- 


groups. 


Example 3.11. Let S$) = {0,1, 2,3} and (So, -4) be defined by the following table. 
2 


Se eS OC] 
wHowr oa] & 
Oo NHN FF CO] Ww 


wn Fr olf wer 
oe ee ee) 


Since 0-5 (0-50) =0 = (0-40) -50 and 2-5 (2-43) =3 42 = (2-5 2) -4 3, it follows that (So, -4) 
is a NeutroSemigroup. 


By defining the partial order ( which is not a total order) 
<o= {(0, 0), (0, 1); (0, 2), (1, 1), (2, 2), (3, 3)} 


on So, we get that (So, -4, <5) is a NeutroOrderedSemigroup (that is not a NeutroTotalOrdered- 


Semigroup). This is easily seen as: 

0 <5 1 implies that 0-42 = 2-50 = 0 <3-1 = 1-52] 24,1: And having 0 =, 2 but 
2 2 2 2 2 2 2 

250= 0538 =252. 
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Example 3.12. Let S3 = {0,1,2,3,4} and (.$3,-3) be defined by the following table. 


BR wWwn Fo] s 
ooOcmUcmUOUmUlUCODOlULUCOCOOUT CO 
Co fF BR YF CO KH 
own NU WY CO] Wb 
ew wore wl] w 
CTW wr OF; ® 


Since 0-3 (0-30) = 0 = (0-30) -30 and 1-3 (2-31) = 144 = (1-3 2)-3 1, it follows that (S3,-3) 
is a NeutroSemigroup. 


By defining the partial order 


<3= {(0,0), (0, 1), (0,3), (0,4), (1, 1), 1,3), (1, 4), (2; 2), (3,3), (3,4), (4,4)} 


on $3, we get that ($3, -3, <3) is a NeutroOrderedSemigroup that is not NeutroTotalOrdered- 
Semigroup as “<3” is not a total order on S3. This is easily seen as: 

0 <3 4 implies that 0-3 4 <3 4-32 and 2-30 <3 2-34 for all a € S3. And having 0 <3 1 but 
0-32=0 £32=1-32. 


Example 3.13. Let Z be the set of integers and define “©” on Z as follows: x Oy = ry — 1 
for all x,y € Z. Since 0© (100) = -1 = (0©1) 00 and 00 (162) = -1 4 -3 = (001) 02, it 
follows that (Z,©) is a NeutroSemigroup. We define the partial order “<z” on Z as —1 <z ax 
for all x € Z and for a,b > 0, a <z b is equivalent to a < b and for a,b < 0, a <z 6 is equivalent 
to a> b. In this way, we get —1 <z 0 <z1<z2<z... and —1 <z -2 <z -3<z.... Having 
0<zlandztO0=002=—-1 <z24-1=102=201 forall xz € Zand —-1 <z 0 but 
(—1)0(-1) =0 £z —1 = 06 (-1) implies that (Z,©, <z) is a NeutroOrderedSemigroup with 


—1 as minimum element. 


Example 3.14. Let “<” be the usual order on Z and “©” be the operation define on Z in 
Example 3.13. One can easily see that (Z,©,<) is not a NeutroTotalOrderedSemigroup as 
there exist no x < y € Z (with x £ y) such that zOa < z©y for all z € Z. In this case and 
according to Definition 3.3, (T,/, F’) = (0,0, 1). 


Example 3.15. Let Z be the set of integers and define “®” on Z as follows: x®y = xy+1 for 
all z,y € Z. Since 08 (180) =1= (0@1) @0 and 08 (182) =143 = (081) @2, it follows 
that (Z,®) is a NeutroSemigroup. We define the partial order “<g” on Z as 1 <@ x for all 
x € Z and for a,b > 1, a <@ b is equivalent to a < b and for a,b < 0, a <@ 6b is equivalent 
to a > b. In this way, we get 1 <g 2 <q 3<g4<g@... and 1<g 0 <g -1 <g -2 <@.... 
Having 0 <g -—landzr@0=082=1<g -—4+1=-1®@2=28 (-1) for all eg € Z and 
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1 <g@ 0 but 1@1=2 ¢g 1=001 implies that (Z,®, <g) is a NeutroOrderedSemigroup with 


1 as minimum element. 


We present some examples on NeutroOrderedSubSemigroups, NeutroOrderedRightIdeals, 
NeutroOrderedLeftIdeals, NeutroOrderedIdeals, and NeutroOrderedFilters. 


Example 3.16. Let (S3,-3,<3) be the NeutroOrderedSemigroup presented in Example 3.12. 
Then J = {0,1,2} is a NeutroSubSemigroup of S3 as (I,-3) is NeutroOperation (with no 
AntiAxiom as 0-3 (0-3 0) = (0-3 0) -3 0) and 0 <3 1 € J but 2-30 = 0 <3 4 = 2-31 is 
indeterminate over J as 4 ¢ I. Moreover, (0] = {0} C I. Since g-30 =0 € IJ for all g € 53, 
it follows that I is a NeutroOrderedLeftIdeal of $3. Moreover, having 1-3 g € {0,1,2} C I 
implies that J is a NeutroOrderedRightIdeal of $3. Since there is no g € S satisfying g-371 € I 
and 7-3 g € I for a particular i € J, it follows that I is not a NeutroOrderedIdeal of 53. 


Remark 3.17. Unlike the case in Ordered Semigroups, the intersection of NeutroOrdered- 
Subsemigroups may not be a NeutroOrderedSubsemigroup. (See Example 3.18.) 


Example 3.18. Let (S3,-3,<3) be the NeutroOrderedSemigroup presented in Example 3.12. 
One can easily see that J = {0,1,3} is a NeutroOrderedSubsemigroup of $3. From Example 
3.16, we know that J = {0,1,2} is a NeutroOrderedSubsemigroup of $3. Since ({0,1},-3) is a 
semigroup and not a NeutroSemigroup, it follows that (JM J,-3, <3) is not a NeutroOrdered- 
SubSemigroup of S3. Here, 1 J = {0,1}. 


Example 3.19. Let (Z,©,<z) be the NeutroOrderedSemigroup presented in Example 3.13. 
Then J = {—1,0,1, —2, —3, —4,...} is a NeutroOrderedIdeal of Z. This is clear as: 
(1) 0© (100) =-1=(0©1) ©0 and 06 (-1 © -2) = -141= (00-1) © -2; 
(2) gO0=00g=-1€ 17 forall g €Z,; 
(3) -lefand (-1]={-1} CJ; 
(4) 0<z1¢€TJ implies that OO 2 =xO0=-1<z2-1=201=102 forall x € I and 
~1<z0€I but -10-1=0 ¢2Z -1=00-1. 


Example 3.20. Let (Z,©,<z) be the NeutroOrderedSemigroup presented in Example 3.13. 
Then F = {-—1,0,1,2,3,4,...} is a NeutroOrderedFilter of Z. This is clear as: 

(1) 0© (1@0) =-1= (001) 0 and 16 (203) =442=(102) 03; 

(2) 1 € F and for all x € Z such that x -1=102=201€ F, we have ve F; 

(3) 0 € F and (0) = {0,1,2,3,4,...} CF; 

(4) 0<z1¢€ F and 0® (-1) = —-1 < —2 = 1 ® (—1) is indeterminate in F. 
Here, F is not a NeutroOrderedSubSemigroup of Z as there exist no « € F' with (a] C F. 


Example 3.21. Let ($2,-2, <2) be the NeutroTotalOrderedSemigroup presented in Example 
3.10. Then F = {1, 2,3} is a NeutroOrderedFilter of Sz. This is clear as: 
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1) 2-2 (2-22) = (2-22) -22 and 1-2 (2-21) =341= (1-22) -21; 

2) 1-2” € F and z-21 € F implies that xz, z € F; 

) 3€ F and [3) = {3} C F; 

) 2 <o 3 € F implies that 2-9” <9 3-2” and © -22 <2 @-93 for all x € F and 1 <2 2 but 


2-91=3452=2 92. 


( 
( 
(3 
(4 
Lemma 3.22. Let (S,-,<s) and (S",*x,<g) be NeutroOrderedSemigroups and ¢: S + S’ be 


a NeutroOrderedStronglsomorphism. Then S is a NeutroTotalOrderedSemigroup if and only 
if S" is a Neutro TotalOrderedSemigroup. 


Proof. The proof is straightforward. 


Remark 3.23. Let (S,-,<s) and ($’,*,<g-) be NeutroOrderedSemigroups and ¢: S > S$” 
be a NeutroOrderedIsomorphism. Then Lemma 3.22 may not hold. (See Example 3.24.) 


Example 3.24. Let (S2,-2,<2) be the NeutroTotalOrderedSemigroup presented in Ex- 
ample 3.10, (S2,-4,<5) be the NeutroOrderedSemigroup presented in Example 3.11, and 
@ : (S2,+2,<2) 4 (S2,-4,<5) be defined as ¢(x) = x for all x € Sy. One can easily see 
that ¢ is a NeutroOrderedIlsomorphism that is not NeutroOrderedStronglsomorphism as: 
$(0 20) = 4(0) = 0 = 6(0) 4 4(0), 0 <p 1 and (0) = 0 <4 1 = ¢(1), 1 <p 3 but 
o(1) = 1 £4 3 = (3). Having (S2,-2,<2) a NeutroOrderedSemigroup that is not Neutro- 
TotalOrderedSemigroup and ($2, -4, <5) a NeutroTotalOrderedSemigroup illustrates our idea. 


Lemma 3.25. Let (S,-,<s) and ($",*, <<’) be NeutroOrderedSemigroups and ¢: S + S" be 
a NeutroOrderedStronglsomorphism. Then S contains a minimum (mazimum) element if and 


only if S’ contains a minimum (maximum) element. 


Proof. The proof is straightforward. 


Remark 3.26. In Lemma 3.25, if ¢ : S — S’ is a NeutroOrderedIsomorphism that is not a 
NeutroOrderedStrongIlsomorphism then S’ may contain a minimum (maximum) element and 


S does not contain. (See Example 3.27.) 


Example 3.27. With reference to Example 3.24, (S2,-2,<2) has 0 as its minimum element 


whereas (52, -4, <5) has no minimum element. 


Lemma 3.28. Let (S,-,<s) and (S',*,<g) be NeutroOrderedSemigroups and ¢: S + S’ be 
a NeutroOrderedStronglsomorphism. If M C S is a NeutroOrderedSubsemigroup of S then 
@(M) is a NeutroOrderedSubsemigroup of S". 
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Proof. First, we prove that (¢(M),x) is a NeutroSemigroup. Since (M,-) is a NeutroSemi- 


group, it follows that (M,-) is either NeutroOperation or NeutroAssociative. 


e Case (M,-) is NeutroOperation. There exist x, y,a,b € M such that x-y € M anda-b ¢ 
M or «-y is indeterminate. The latter implies that there exist $(x), (y), (a), o(b) € 
o(M) such that $(x) « o(y) = o(x-y) € o(M) and ¢(a) x 6(b) = g(a: b) € O(M) or 
(x) x d(y) = O(a - y) is indeterminate. 

e Case (M,-) is NeutroAssociative. There exist x,y,z,a,b,c € M such that (x- y)- 
z= x-(y-z) and (a-b)-c #4 a-(b-c). The latter implies that there exist 

(x), O(y), (2), O(a), (0), O(c) € O(M) such that (O(a) « b(y)) * Oz) = O(a) * (Oly) * 

(z)) and (G(a) * 6(b)) x O(c) F O(a) * (H(b) * O(c)) (as ¢ is one-to-one). 

Since M is a NeutroOrderedSubsemigroup of S, it follows that there exist x € M such that 

(x] C M. It is easy to see that (¢(x)| C ¢(M) as for all t € S’, there exist y € S such that 

t = o(y). For o(y) <s: (a), we have y <g x. The latter implies that y € M and hence, 

te o(M). 

Since M is a NeutroOrderedSubsemigroup of S$, it follows that: 

(T) There exist x <s y € M (with x ¥ y) such that z-x4 <g z-yandxz-z<g y-z for all 
zeEM; 

(F) There exist a<g be M andce M witha-c£g b-c (orc-a fg c-b); 

(I) There exist x <s y € M and z € M with: z-a (or x-z or y-z or z- y) indeterminate 
or z2-u<g z-y (or 2-z<g y- 2) indeterminate in M. 


Where (T, J, F) A (1,0,0) and (1, J, F) € (0,0, 1). This implies that 


(T) There exist O(2) <s- d(y) € d(M) (with d(x) 4 o(y) asx ¥ y) such that o(z)*o(x) <gr 
(z) x dy) and d(x) * o(z) Ss d(y) * O(z) for all d(z) € o(M . 

(F) There exist (a) <s $(b) € o(M) and ¢(c) € o(M) with (a c) £5" o(c) 
(or d(c) * O(a) £5" O(c) x o(0)); 

(I) There exist (x) <s o(y) € o(M) and $(z) € ¢(M) with: o(z)«¢(x) (or (x) *@(z) or 
o(y)x@(z) or $(z)*@(y)) indeterminate or 4(z)*o(x) <sr b(z)*O(y) (or O(@)«O(z) <sv 
o(y) * o(z)) indeterminate in ¢(M/). 

Where (T,/, F) 4 (1,0,0) and (7,1, F) € (0,0,1). Therefore, ¢(1/) is a NeutroOrderedSub- 


semigroup of S$’. 


Lemma 3.29. Let (S,-,<s) and (S’,*,<g-) be NeutroOrderedSemigroups and ¢: S > S" 
be a NeutroOrderedStronglsomorphism. If M C S is a NeutroOrderedLeftIdeal (Neutro- 
OrderedRightIdeal) of S then ¢(M) is a NeutroOrderedLeftIdeal (NeutroOrderedRightIdeal) 
of S". 
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Proof. We prove that if M C S is a NeutroOrderedLeftIdeal of S then ¢(M) is a Neutro- 
OrderedLeftIdeal of T. For NeutroOrderedRightIdeal, it is done similarly. Using Lemma 3.28, 
it suffices to show that there exist z € ¢(M) such that for all t € S’ tx z € d(M). Since M is 
a NeutroOrderedLeftIdeal of S, it follows that there exist m € M such that s-m € m for all 
s € S. Having ¢ an onto function implies that for all t € S$’, there exist s € S with t = 4(s). 
By setting z = ¢(m), we get that tx z = o(s) « o(m) = ¢(s-m) € o(M). 


Lemma 3.30. Let (S,-,<s) and (S",*x,<g) be NeutroOrderedSemigroups and ¢: S > S’ be 
a NeutroOrderedStronglsomorphism. If M C S' is a NeutroOrderedIdeal of S then ¢(M) is a 
NeutroOrderedIdeal of S’. 


Proof. The proof is similar to that of Lemma 3.29. 


Example 3.31. Let (Z,©,<z) and (Z, ®, <g) be the NeutroOrderedSemigroups presented in 
Example 3.13 and Example 3.15 respectively, and ¢ : (Z,©,<z) > (Z,®,<@) be defined as 
(x) = «+2 for all x € Z. One can easily see that ¢ is a NeutroOrderedStronglsomorphism. By 
Example 3.19, we have I = {—1,0,1, —2,-3,—4,...} is a NeutroOrderedIdeal of (Z, ©, <z). 
Applying Lemma 3.30, we get that ¢(/) = {1,2,3,0,—1,—2,...} is a NeutroOrderedIdeal of 
(Z, ®, Se). 


Lemma 3.32. Let (S,-,<s) and (S",*,<s) be NeutroOrderedSemigroups and ¢: S + S’ be 
a NeutroOrderedStrongIlsomorphism. If M C S is a NeutroOrderedFilter of S then ¢(M) is a 
NeutroOrderedFilter of S’. 


Proof. Using Lemma 3.28, we get that (¢6(W/),x) is a NeutroSemigroup and that <gr is Neu- 
troOrder on $(M). i.e., Conditions (1), (2), and (3) of Definition 3.3 are satisfied. 

Since M is a NeutroOrderedFilter of S, it follows that there exist « € M such that [x) C M. 
It is easy to see that [6(x)) C ¢(M) as for all t € S’, there exist y € S such that t = ¢(y). For 
(x) <g: }(y), we have x <g y. The latter implies that y € M and hence, t € ¢(M). 

Since M is a NeutroOrderedFilter of S, it follows that there exist « € M such that for all 
y,z€ Swithe-ye M and z-4 € M we have y,z © M. The latter and having ¢ onto implies 
that there exist t = 6(x) € #(M) such that for all d(y), d(z) € S’ with 6(x) x d(y) € o(M) 
and (z) * o(a) € o(M) we have ¢(y), 6(z) € o(M). 


Example 3.33. Let (Z,©,<z) and (Z,®,<) be the NeutroOrderedSemigroups presented 
in Example 3.13 and Example 3.15 respectively, and @ : (Z,©,<z) — (Z,®,<@) be the 
NeutroOrderedStrongIsomorphism defined as (a) = x+2 for all x € Z. By Example 3.20, we 
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have F' = {—1,0,1,2,3,4,...} is a NeutroOrderedFilter of (Z,©,<z). Applying Lemma 3.32, 
we get that ¢(F’) = {1,2,3,4,5,6,...} is a NeutroOrderedFilter of (Z,®, <a). 


Lemma 3.34. Let (S,-,<s) and ($",*,<s-) be NeutroOrderedSemigroups and 6: S + S" be 
a NeutroOrderedStronglsomorphism. If N © $8" is a NeutroOrderedSubsemigroup of S’ then 
@ 1(N) is a NeutroOrderedSubsemigroup of S. 


Proof. Theorem 2.11 asserts that ¢~! : S’ + S is a NeutroOrderedStronglsomorphism. Having 
N C S' a NeutroOrderedSubsemigroup of $’ and by using Lemma 3.28, we get that ¢~!(N) 
is a NeutroOrderedSubsemigroup of S. 


Lemma 3.35. Let (S,-,<s) and (S",*,<g) be NeutroOrderedSemigroups and ¢: S + S’ be 
a NeutroOrderedStronglsomorphism. If N C S" is a NeutroOrderedSubsemigroup of S’ then 
& '(N) is a NeutroOrderedLeftIdeal (NeutroOrderedRightIdeal) of S. 


Proof. Theorem 2.11 asserts that ¢~! : S’ > 9 is a NeutroOrderedStronglsomorphism. Having 
N CS’ a NeutroOrderedLeftIdeal (NeutroOrderedRightIdeal) of S’ and by using Lemma 3.29, 
we get that ¢ 1(NV) is a NeutroOrderedLeftIdeal (NeutroOrderedRightIdeal) of S. 


Lemma 3.36. Let (S,-,<s) and (S",*,<g) be NeutroOrderedSemigroups and ¢: S + S’ be 
a NeutroOrderedStronglsomorphism. If N C S" is a NeutroOrderedSubsemigroup of S' then 
ob 1(N) is a NeutroOrderedIdeal of S. 


Proof. Theorem 2.11 asserts that ¢~! : S’ > S is a NeutroOrderedStronglsomorphism. Having 
N C S’ a NeutroOrderedIdeal of S’ and by using Lemma 3.35, we get that @-1(N) is a 
NeutroOrderedIdeal of S. 


Lemma 3.37. Let (S,-,<s) and (S',*,<g) be NeutroOrderedSemigroups and ¢: S + S’ be 
a NeutroOrderedStrongIsomorphism. If N C S' is a NeutroOrderedFilter of S' then @-1(N) is 
a NeutroOrderedFilter of S. 


Proof. Theorem 2.11 asserts that ¢~! : S’ > 9 is a NeutroOrderedStronglsomorphism. Having 
N C S’ a NeutroOrderedFilter of $’ and by using Lemma 3.32, we get that @-!(N) is a 
NeutroOrderedFilter of S. 


We present our main theorems. 


Theorem 3.38. Let (S,-,<s) and (S’,x,<s) be NeutroOrderedSemigroups and ¢: S > S" 
be a NeutroOrderedStronglsomorphism. Then M C S' is a NeutroOrderedSubsemigroup of S if 
and only if ¢(M) is a NeutroOrderedSubsemigroup of S". 
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Proof. The proof follows from Lemmas 3.28 and 3.34. 


Theorem 3.39. Let (S,-,<s) and (S’,x,<s) be NeutroOrderedSemigroups and ¢: S > S"’ 
be a NeutroOrderedStrongIsomorphism. Then M C S is a NeutroOrderedLeftIdeal (Neutro- 
OrderedRightIdeal) of S if and only if 6(M) is a NeutroOrderedLeftIdeal (Neutro OrderedRight- 
Ideal) of S'. 


Proof. The proof follows from Lemmas 3.29 and 3.35. 


Theorem 3.40. Let (S,-,<s) and (S’, x, <g) be NeutroOrderedSemigroups and ¢: S > S" be 
a NeutroOrderedStronglsomorphism. Then M C S is a NeutroOrderedIdeal of S if and only if 
@(M) is a NeutroOrderedIdeal of S'. 


Proof. The proof follows from Lemmas 3.30 and 3.36. 


Theorem 3.41. Let (S,-,<s) and (S’,*, <s’) be NeutroOrderedSemigroups and ¢: S + S" be 
a NeutroOrderedStronglsomorphism. Then M C S is a NeutroOrderedFilter of S if and only 
if o(M) is a NeutroOrderedFilter of S'. 


Proof. The proof follows from Lemmas 3.32 and 3.37. 


4. Conclusion 


This paper contributed to the study of NeutroAlgebra by introducing, for the first time, 
NeutroOrderedAlgebra. The new defined notion was applied to semigroups and many inter- 
esting properties were proved as well illustrative examples were given on NeutroOrderedSemi- 


groups. 


For future research, it will be interesting to apply the concept of NeutroOrderedAlgebra to 
different algebraic structures such as groups, rings, modules, etc. and to study AntiOrderedAl- 


gebra. 
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